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transmitted by a thick horizontally
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The paper is devoted to the introduction of simple analytical relationships between statistical distributions of
various radiative transfer characteristics for an inhomogeneous turbid layer with the extinction coefficient
varying in the horizontal direction. Results are valid for an optically thick light-scattering layer having arbi-
trary local scattering laws and single-scattering albedos. It is shown that the statistical distribution of the
optical thickness can be obtained directly from the measured statistical distribution of the reflectance or trans-
mittance of a horizontally inhomogeneous light-scattering layer. © 2005 Optical Society of America
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1. INTRODUCTION

Radiative transfer characteristics of horizontally inhomo-
geneous media (e.g., clouds and snow) can be studied us-
ing Monte Carlo numerical calculations.>? This technique
allows one to obtain accurate results for arbitrary spatial
distributions of scatterers. However, for such calculations
to be exact, a lot of computational time for optically thick
media (especially at wavelengths where light absorption
is weak) is required. Also, simple physics behind relation-
ships between physical parameters under study is hidden
in numerical results.

Kokhanovsky® established relationships between vari-
ous radiative transfer characteristics of horizontally inho-
mogeneous turbid media (e.g., the average diffuse trans-
mittance and the average bidirectional reflection
function) in the framework of the asymptotic theory as
given in Refs. 4 and 5. The results obtained are valid for
optically thick weakly absorbing media only.

The task of this work is to extend the study of
Kokhanovsky® to the case of arbitrary absorption. An-
other difference from the previous work is that direct re-
lationships between statistical distributions of various op-
tical characteristics are derived in the case of thick turbid
layers. The previous work was concentrated on average
characteristics and coefficients of variances.

The limitation with respect to the optical thickness 7 of
a turbid layer remains. So the technique cannot be ap-
plied to the case of optically thin turbid layers.

2. OPTICAL PROPERTIES OF
INHOMOGENEQOUS SCATTERING MEDIA
OUTSIDE ABSORPTION BANDS

We assume that scatterers are confined in a plane-
parallel slab illuminated from above by an infinitely wide
uniform light beam (e.g., clouds illuminated by the Sun).
The angular distribution of light scattered by an elemen-
tary volume of a turbid medium is assumed to be constant
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at any given place inside the medium under study. Effects
of light absorption are neglected, which is an accurate as-
sumption in the spectral regions positioned far from ab-
sorption bands of substances present in the scattering
layer under study. However, we assume that the extinc-
tion coefficient fluctuates in the horizontal direction (e.g.,
owing to fluctuations in the concentration of scatterers).
Such fluctuations lead to fluctuations of the optical thick-
ness. Strictly speaking, this makes one-dimensional (1-D)
radiative transfer theory® (RTT) not applicable to the case
under study.

However, a slight modification of the theory allows us
to extend the applicability of the 1-D RTT to treat (al-
though approximately) this more complex case. In par-
ticular, it is assumed that the reflection function and also
other radiative characteristics of a slab can be presented
as integrals:

Y= f Y(n)f(n)dr, 1)

0

where Y is a radiative transfer characteristic under study
and f,(7) is the statistical distribution of the optical thick-
ness 7. This approximation is called the independent pixel
approximation. The accuracy of this approximation as
compared with Monte Carlo calculations was studied in
Refs. 2, 7, and 8. Barker” proposed the use of the gamma
distribution

ut+l T
fAn)= mf“ exp(— M;) (2)

in conjunction with the two-stream approximationslo for
the characteristics Y(7) to account for the horizontal inho-
mogeneity effects of turbid layers. Then the integral in
Eq. (1) can be evaluated analytically. The statistical dis-
tribution given by Eq. (2) is shown in Fig. 1 at u=8 (the
coefficient of variance equals 1/3) and 7,=20.

© 2005 Optical Society of America



2420 J. Opt. Soc. Am. A/Vol. 22, No. 11/November 2005

0.40 T T T T T T T T

0.35 - -

0.30 |- E

0.25 - E

0.20 |- N

0.15 |- i

0.05 |- i

0.00 I RV N BN
0 10 20 30 40 50 60

T

Fig. 1. Statistical distribution of the optical thickness calcu-
lated using Eq. (2) at 7,=20 and n=8.

Such a technique leads to simple analytical equations
for a number of radiative transfer characteristics impor-
tant in global circulation models. However, the two-
stream approximation cannot be used for the bidirectional
reflectance and transmittance calculations. Then the
asymptotic RTT can be used.? It follows in the framework
of this ‘cheory‘r”u’12 for a homogeneous optically thick non-
absorbing plane-parallel turbid layer that

R(&,m,0) = Ro.(é,m,0) — tKo(§)Ko(7), (3)

T(&,7) =tKo(HKo(n), (4)

where R(&,7,¢) is the reflection function, T'(¢, %) is the
transmission function, R.(¢, 7, ¢) is the reflection func-
tion of a semi-infinite nonabsorbing medium having the
same optical properties as a finite layer under study, K(£)
is the escape function for a nonabsorbing layer deter-
mined via R..(¢, 77, ¢) as'!

3 1 27 1
Ky(§)=— §+—J d@f dnRo.(E @) (. (B)
4 7J), 0

& is the cosine of the zenith illumination angle and 7 is
the cosine of the zenith observation angle, ¢ is the rela-
tive azimuth, and

1

t=
a+br

(6)

is the global transmittance defined as
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9 (27 1 1
= —f d<pj fdé*J ndyT(& 7, 0), (7)
™J 0 0 0

and we accounted for the fact that the light diffused
through thick layers is azimuthally independent [see Eq.
(4)]. The parameters a and b are given as follows'®: a
=1.07 and 5=0.75(1-g) for arbitrary phase functions.
Here g is the asymmetry parameter. This parameter is
derived from Mie theory in the case of spherical
scatterers.'* For instance, its value is close to 0.85 for wa-
ter clouds in the visible.'®

The escape function is normalized as follows™:

1
2f Ky(p)ndn=1. (8)

0

Sobolev!! proposed the following approximation for the
escape function valid at arbitrary phase functions and #
>0.2:K(5)=3(1+27%)/7. This relationship allows one to
derive simple equations for the diffuse transmittance,

1
ta(§) = 2f T(&n)ndn, 9)
0
plane albedo,
1
rqa(é) =2f R(&7m)ndn, (10)
0
and the spherical albedo,
1
r= 2f rq(§)&de, (11)
0
where
a 1 27
R(&m) = —f R n,e)de (12)
27 ),

and similar for 7. So we have'®

ta(§) =tKo(§),  rq(§) =1-1Ko(9),

where we accounted for the fact that ry,.=1, r..=1 by defi-
nition for nonabsorbing semi-infinite media.

Radiative characteristics r, ¢, r4(é), t4(£), R(&¢, 7, ¢), and
T(¢,7) can be measured. In particular, pyranometers in-
stalled on an aircraft are used to measure ry(¢) over a
cloud field.

We pose the following question. Is it possible to obtain
the statistical distribution of the optical thickness f,(7)
from the measurements of the statistical distribution of
any radiative transfer characteristic fy(Y) as specified
above (Y=r,t,...), provided that conditions valid for the
theory presented here are fulfilled? The answer on this
question is positive.

To show this, we use the following relationship derived
in the probability theory15:

r=1-¢, (13)

r(Y)= f(7). (14)

r
dYy
This formula is valid for monotonic (increasing or de-
creasing) functions Y(7). Radiative characteristics in the
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asymptotic regime (7— ) satisfy this condition.'® There-
fore, we can use Eq. (14) to relate f¥(Y) to f(7) in conjunc-
tion with Eqgs. (3), (4), (6), and (13). In particular, we ob-
tain from Egs. (6) and (14) (see Fig. 2)

fi(t) = b7t (7), (15)

where r=b"1(t"1-a) [see Eq. (6)]. This means that f.(7)
can be obtained from the measured function f,(¢) as fol-
lows:

fAD = bt*(Df (7). (16)

Functions T'(¢, 7) and ¢4(£) are related to ¢ linearly. This
means that

r(T) = fOKOK (), [ (ta) =[O (@),

Fr(D) =, (LK (), am
and, therefore,

fA7) = 8%, (t)Ko(&),  fAD) =bt*Fr(TKo(E)Ko(n).

(18)

We also find that functions fz(R), £, (r4), and £,(r) coincide
with fr(T),f; d(rd) ,[:(r), respectively [see Eqgs. (3) and (13)].
Therefore, one concludes that measurements of the statis-
tical distributions of radiative characterististics above
and below a scattering nonabsorbing turbid layer can be
used to derive the optical thickness distribution using the
analytical equations given above. The results are quite
general and not restricted to specific types of statistical
distributions.
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Fig. 2. Statistical distribution of the total light transmittance
by a turbid layer having the statistical distribution of 7 shown in
Fig. 1. Calculations were performed using Eq. (15) at g=0.85 and
assuming that 7=(¢t"1-a)b~! [see Eq. (6)], where 6=0.75(1-g).
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3. ACCOUNTING FOR LIGHT ABSORPTION

All substances at all wavelengths absorb some portion of
incident light for real-world scattering media. Therefore,
it is of importance to study how the effect of light absorp-
tion in a turbid layer influences the results given above.

The starting point is the generalized form of Egs. (3)
and (4)' for a homogeneous light-scattering plane-
parallel layer valid as 7— o for arbitrary absorption and
phase function:

R(g’ 7, §0) =R00(§9 7, (p) - T(§7 W)Ne_kT? (19)
T(& 7) =tCK(9K(n), (20)
where
MCz e—kf
v (2”

is the global transmittance for an absorbing turbid layer.
Functions R.(¢,7,¢) and K(7) have the same sense as
Ro.(&,m,0) and Ky(7), respectively, but for an absorbing
layer. The constant C is defined as

1
C=2f K(n)ndn, (22)
0

which is equal to 1 for nonabsorbing layers [see Eq. (8)].
The procedures to calculate the auxiliary functions
R.(¢,1,0) and K(7) and constants M,N,k are well
known. '3 It is of importance for us that these functions
and constants do not depend on the optical thickness.
They are determined solely by the phase function p(6) and
the single-scattering albedo wy. These characteristics are
assumed to be constant inside a turbid layer under study.
In particular, it follows as wg—1 (Ref. 13): 2=[3(1-wy)

X(1-g)]"2,  MEK(9K(n)~(1-exp(-2y)Ko(Ko(7n), R
=Ry exp(-yR;1K(8) Ko(n), N=~exp(-y), where y
=4+(1-wy)/3(1-g). Useful approximations for

Ro(£, 1, 0) can be found in Ref. 13.

Equations (19)—(21) give the dependence of reflection
and transmission functions with respect to 7 in the ana-
lytical form. So they can be used to find the derivative as
specified in Eq. (14) analytically. As in the nonabsorbing
case, we start from the search of the relationship between

f¢(¢) and f,(7).

For this, we express 7 via ¢t using Eq. (21). This gives

{ 2tN? }
r=k 7 ny ——— 1, (23)
MC*B(t)-1)

4AN??
Bt)=+/1+ Pt (24)
Therefore, we have for the derivative
dr 1 4AN??
T e (25)
dt kit B(B -1)M?C*

where ¢ is given by Eq. (21), and we omitted arguments.
This equation is simplified as ¢ —0:

where
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dr 1
@ (26)
Therefore, introducing
1 4N?¢?
@(T)=a{1—m}, (27)
we obtain
i) = 2(Df (7). (28)

This analytical equation allows one to determine the sta-
tistical distribution of the optical thickness from the glo-
bal transmission measurements [see Eq. (7)] as

A7) = @ (Df(t(7). (29)

Using Eqgs. (9), (20), and (22), we derive for the diffuse
transmittance

tq(&) =tCTK(&). (30)
This means that
fi (ta) = CK™H(&)f,(2). (31)
Similarly, one finds
f7(T) = C’K~ (K (n)f(2). (32)

So we have

£A7) = & (DCK(Y, (ta),

A7) = @ (DCK(OK(f(T). (33)

It follows that the statistical distributions of the light
transmittance under different measurement schemes
(e.g., diffused or direct light illumination conditions) are
interrelated and governed by the statistical distribution
of the optical thickness. Equations (29) and (33) can be
used to determine the statistical distribution of the opti-
cal thickness from measurements of the transmitted
light.

Let us consider the reflectance now. First of all, we
write, taking into account Eqgs. (10), (11), and (19),

ra(§) =148 —tC'K(ON e (34)
and
r=r,—tNe™*" (35)
or
MNC?2 o2k
r=ry,— m. (36)

So we have from Eq. (36)

1 MNC?
r=— Iny N? + , (87)
2k

Vo —1

d
d—T =[2k(r.-r) 1+ M INC2(r.-r)] . (38)
r

Therefore, introducing
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Q(r)=[2k(r,-r)1+ M INC2(r,,- )], (39)
we have

) =QWf (7,  fD=Qr(Mf,(r(7), (40)
where r(7) is given by Eq. (36). This equation allows us to
find the statistical distribution of the optical thickness
from measurements of the spherical albedo r. Similar re-
sults can be obtained for fg(R).f, (rs). Namely, we have,
following the procedure given above,

fAD=D'RfR),  f0)=WTraf (rd), (41)

where

D(R) = [2k(r.. - r)(1 + M'NC*K(OK(9)(r.. - )],
(42)

W(ry) = [2k(r..—r)(1+ M INCK(&)(r.. - )] . (43)

Equations (29), (33), (40), and (41) can be used to relate
statistical distributions for reflectance and transmittance.
Results for the statistical characteristics of light absorp-
tion processes such as a=1-r-t and ay(é)=1-ry(é
—t4(&) can be also easily derived from the equations given
above.

4. CONCLUSION

In conclusion, we underline that, as expected, reflection,
transmission, and absorption statistical distributions are
determined by the statistical distribution of the optical
thickness of a random medium under study. All these dis-
tributions are interrelated as clearly demonstrated in this
work using the analytical approach valid as 7— o for ar-
bitrary absorption and phase functions.

The statistical distributions derived can be used to find
the average values of correspondent characteristics, their
higher-order moments (e.g., standard deviations), and re-
lationships between various moments (see, e.g., Ref. 16).

The derivation of statistical distributions of the optical
thickness and also correspondent distributions for trans-
mittance from reflectance measurements are of impor-
tance in a range of remote-sensing techniques (e.g., in
cloud airborne and satellite remote sensing!”!®).

The derived equations can be used also for the determi-
nation of the optical thickness of a homogeneous random
layer from reflection or transmission measurements [see,
e.g., Eq. (37)]. However, the auxiliary functions and pa-
rameters must be known in advance for such a procedure.
Simple approximate equations for them [dependent on
the pair (wg,g)] are given in Refs. 4, 5, 13, and 19.

ACKNOWLEDGMENTS

This work was supported by the DFG project BU 688/8-1.

The author can be reached by phone, 49-421-218-2915;
fax, 49-421-218-4555; or e-mail, alexk@iup.physik.uni-
bremen.de.



A. A. Kokhanovsky

REFERENCES

1.

G. I. Marchuk, G. A. Mikhailov, M. A. Nazaraliev, R. A.
Darbinjan, B. A. Kargin, and B. S. Elepov, The Monte-Carlo
Methods in Atmospheric Optics (Springer-Verlag, 1980).

R. F. Cahalan, W. Ridgway, W. J. Wiscombe, S. Gollmer,
and Harshvardhan, “Independent pixel and Monte-Carlo
estimates of stratocumulus albedo,” J. Atmos. Sci. 51,
3776-3790 (1994).

A. A. Kokhanovsky, “The influence of horizontal
inhomogeneity on radiative characteristics of clouds: an
asymptotic case study,” IEEE Trans. Geosci. Remote Sens.
41, 817-825 (2003).

E. P. Zege, A. P. Ivanov, and 1. L. Katsev, Image Transfer
through a Scattering Medium (Springer, 1991).

A. A. Kokhanovsky, V. V. Rozanov, E. P. Zege, H.
Bovensmann, and J. P. Burrows, “A semi-analytical cloud
retrieval algorithm using backscattered radiation in
0.4-2.4 um spectral region,” J. Geophys. Res. 108, 10.1029/
2001JD001543 (2003).

S. Chandrasekhar, Radiative Transfer (Oxford U. Press,
1950).

A. Davis, A. Marshak, R. F. Cahalan, and W. Wiscombe,
“The Landsat scale break in stratocumulus as a three-
dimensional radiative transfer effect: implications for cloud
remote sensing,” J. Atmos. Sci. 54, 241-260 (1997).

R. Schreier and A. Macke, “On the accuracy of the
independent column approximation in calculating the
downward fluxes in the UVA, UVB, and PAR spectral
regions,” J. Geophys. Res. 106, 14301-14312 (2001).

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Vol. 22, No. 11/November 2005/J. Opt. Soc. Am. A 2423

H. W. Barker, “A parametrization for comparing grid-
averaged solar fluxes for marine boundary layer clouds.
Part I: Methodology and homogeneous biases,” J. Atmos.
Sci. 53, 2289-2303 (1996).

G. E. Thomas and K. Stamnes, Radiative Transfer in the
Atmosphere and Ocean (Cambridge U. Press, 1999).

V. V. Sobolev, Light Scattering in Planetary Atmospheres
(Pergamon, 1975).

H. C. van de Hulst, Multiple Light Scattering (Academic,
1980), Vols. 1 and 2.

A. A. Kokhanovsky,

(Springer-Praxis, 2004).
H. C. van de Hulst, Light Scattering by Small Particles
(Dover, 1981).

V. S. Pugacev, Theory of Random Functions and Its
Application to Control Processes (Pergamon, 1965).

Y. Y. P. Mullamaa, M. A. Sulev, and V. K. Pildmaa,
Stochastic Structure of Cloud and Radiation Fields
(Institute of Atmospheric Physics, Academy of Sciences of
Estonia, 1972).

G. V. Rozenberg, G. K. Ilich, S. A. Makarevitch, and Y. Y. P.
Mullamaa, “On brightness of clouds,” Izv., Acad. Sci.,
USSR, Atmos. Oceanic Phys. 6, 123-140 (1970).

E. M. Feigelson, ed., Radiation in a Cloudy Atmosphere
(Gidrometeoizdat, 1981).

M. D. King and Harshvardhan, “Comparative accuracy of
selected multiple scattering approximations,” J. Atmos. Sci.
43, 784-801 (1986).

Light Scattering Media Optics



